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G. A. Van Fo 

ABSTRACT 

A method i s  presented f o r  determining e l a s t i c  

constants and thermal expansion c o e f f i c i e n t s  of non- 

homogeneous bodies. The equations derived may be 

employed t o  ob ta in  the formulas f o r  t h e  constants  f o r  

orthorhombic, te t ragonal ,  and hexagonal s t r u c t u r e s .  

They a l s o  f a c i l i t a t e  a determination of t h e  physico- 

mechanical c h a r a c t e r i s t i c s  and the  stress s ta te  02 

s y n t h e t i c  materials such as p l a s t i c  g l a s s ,  i n  which 

t h e  binder  has elastic,  viscous p rope r t i e s .  - -  

This art icle p resen t s  a method f o r  determining e las t ic  constants  /817* 

and thermal expansion coe f f i c i en t s  of nonhomogeneous bodies, whose 

r egu la r  s t r u c t u r e  i s  formed by a b i p e r i o d i c  system of n a r b i t r a r i l y  

loca t ed  hollow cyl inders  having d i f f e r e n t  diameters. The space between 

t h e  cyl inders  is occupied by a medium. 

* 
Note: Numbers i n  t h e  margin i n d i c a t e  paginat ion i n  t h e  o r i g i n a l  

foreign text.  



1. L e t  E a ,  va, cia and E,, us, as be elastic constants  and thermal 

expansion coe f f i c i en t s  of t h e  f i l l e r  and t h e  medium, z = x2 + ixg,  

8 = T - To - temperature, &* and 9 - outer  and inne r  s i d e  w a l l s  of t he  

cyl inders  with the  cen te r s  a t  t h e  points  ak + P (P = mwl + nw2, 02  = 

= qbeia ,  m, n = 0, & 1,. . .) (Figure 1). The funct ions per ta in ing  t o  

the  f i l l e r  are designated by a, those per ta in ing  t o  t h e  medium are desig- 

nated by s ,  and i n  addi t ion  we have: 

The r e l a t ionsh ip  between <Gik> and <Eik> on areas which are f a r  re- 

moved from l o c a l  per turba t ions  w i l l  be  as follows, due t o  the  plane of 

e las t ic  symmetry x1 = const:  

There w i l l  be displacements ui(z) when the re  i s  a non-zero s h i f t  of 

t h e  planes (XI ,  x2) and (XI,  x3). L e t  0, and @a& be t h e  holomorphic 

then t h e  boundary conditions ex- 

press ing  t h e  equa l i ty  of displacements and stresses on the  contact sur- 

f a c e  must be s a t i s f i e d  on n contours located i n  one element 

&,&@a -&,k@4,k Id = 0, 14,k@4.k 1s = ' 9  ( 4 )  /818 

where Ls,k la ,k  a r e t h e  d i f f e r e n t i a l  operators  of the  boundary condi t ions;  
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i n  addi t ion ,  w e  have (Ref. 1) : 

On t he  body sur faces ,  w e  def ine t h e  m e a n  stresses 

The formulas f o r  elastic constants  are obtained by comparing t h e  d is -  

placements of t h e  body having a nonhomogeneous s t r u c t u r e  with the  d is -  

placements i n  t h e  body (1) during a displacement (Ref. 2) 

<a i i>  = 1, X l l ,  X 1 2 ,  X 1 3 ,  X 1 6  a r e  determined. The complex p o t e n t i a l s  

which s a t i s f y  t h e  condi t ion of the stress s ta te  pe r iod ic i ty  are chosen 

i n  the  form of t h e  series (5) and 

n w . -.. 

Here the  e l l i p t i c  funct ions of t h e  following form (Ref. 1, 2) are 

introduced: 

'1 (2) = 2' P{(P - P)-+ 2 * P  + Z P } .  
m.n 

The a r b i t r a r y  constants  are determined from t h e  boundary condi t ions 

L . k  (@a? VI)  -- ,k (@a,&? va.k) = f& (a), la.& (@a,&? 'yo,&) = 0 (9) 
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and from the  condition t h a t  t h e  p r inc ipa l  vec tor  of t h e  forces  applied 

a t  the  elementary element boundary equals zero, 

n n n 

k-l &=I . A- 

The elastic constants  are determined by t h e  formulas 

3. W e  can f ind  

of t h e  f l a t  deformed 

t h e  remaining constants  i n  (1) by solving tile piob1eE 

s ta te  of the  body ((~ii) = 0).  The form of t h e  solu- 

t i o n  and t h e  boundary conditions are determined i n  ( 4 ) ,  (81, (9 ) ,  (10). 

I f  w e  subsequently assume t h a t  <a22> = 1, <033> = <023> = 0 ,  etc., w e  ob- 

t a i n  th ree  systems of a lgebra ic  equations,  from which ck and ck,s can be 

found. 

W e  have t h e  following from t h e  f i r s t  system, when <022> = 1, <033> = 



The following is  derived from the  second system i n  t h e  case of 

< 0 3 3 >  = <O22> = <023> = 

n * I  I 

Xm=- v81x18 -k &{(%a 3fdd(% + i, (& + & x &a )} b 
k-1 k i l t  

I n  t h e  case of '(~23> = 1, w e  have the  following from t h e  t h i r d  system 

Here ck = r(Ak2 - Ek2) / F, ck' = Thk2 / F, x = 3-4v, a i , k  are expansion 

c o e f f i c i e n t s  in ~ ( k )  (2) Laurent series. 

4 .  For increased temperature 8, due t o  stress r e d i s t r i b u t i o n  t h e  

t r ansve r se  

body edge. Therefore, w e  have 

cross sec t ions  x1 = const remain f l a t  as one recedes from the  

(15) (eid e 3- ( e d r  = cr00 + (eii>a. 

The over-al l  so lu t ion  i n  t h i s  case is  comprised of t h e  so lu t ion  f o r  

t h e  problem of body extension by stresses <011> without allowance f o r  t h e  

i n t e r a c t i o n  between t h e  f i l l e r  and t h e  medium, as w e l l  as the  so lu t ion  

tak ing  t h i s  i n t e r a c t i o n  i n t o  account. The complex p o t e n t i a l s  have t h e  

form (5) and (8). The tensor  components of thermal expansion are found 

/820 i n  t he  following form: - 
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The equations given above can be r ead i ly  employed t o  obta in  t h e  

formulas f o r  t he  constants  i n  t h e  case of the  simpler s t r u c t u r e s  - ortho- 

rhombic, t e t ragonal  and hexagonal. 

The formulas obtained are s u i t a b l e  f o r  determining t h e  physico- 

mechanical c h a r a c t e r i s t i c s  and the stress s t a t e  of s y n t h e t i c  materials 

l i k e  p l a s t i c  g l a s s ,  i n  which t h e  binder  has e l a s t i c ,  viscous p rope r t i e s ,  

and only the constants  ES,vS must be  replaced by the  corresponding 

I t  l i n e a r  operators .  

Figure 1 
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